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Marius...
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Marius...
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e | met Marius for the first time in 1997.

e Next, | met Marius in conferences, seminars, projects ... (with of
without J.-P. ?) in

- Nancy, Paris, Pont a Mousson, Bordeaux, ...Point a Pitre ...

- Shangai, Vancouver, Zurich, San Diego, somewhere in Portugal,
in Marocco, Roma (?), Cortona (?), Bangalore, Tunis, Oberwolfach
- Vorau, Graz, Linz, Craiova ...

e | learned a lot from discussions with Marius, from his papers...
- Fine results in Control Theory

- Fluid-structure-interaction problems

- Riccati equations. Mistakes by some colleagues...

e K. Le Balc’h, M. Tucsnak, A penalty approach to the infinite
horizon LQR optimal control problem for the linearized Boussinesq
system. ESAIM Control Optim. Calc. Var. 27 (2021).



Outline of the talk
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Part |

e Approximation of the Oseen and Boussinesq systems by the
pseudo-compressible method (also called the penalty method -
Temam 66)

e Brief review on the pseudo-compressibility method. Known
results in approximation and control

Part 11

e Distributed stabilization of the Oseen and Boussinesq systems
using their pseudo-compressible approximation

Part 1l

e Boundary stabilization of the Oseen and Boussinesq systems
using their pseudo-compressible approximation



Part | - The Navier-Stokes equations

e Q) is either a bounded domain in R3 either of class C2, or a
bounded polyhedral convex domain.

o (vs,gs) € (HY(Q))3 x L3(Q) is a stationary solution of the N.S.E:
(ve - V)vs —vAvs+Vgs =1, divie=0 in Q
vs=gs on [ =0Q.

e The control Navier-Stokes system

0

a—:—l—(v-V)v—yAv—i—Vq:é—i—xou, in Q= x(0,00),
divu=0 in Q, u=gs on =T x(0,00),
u0)=up=vs+yo in Q,

Yo is a perturbation in the |.C.

5/40



The Oseen system

The nonlinear system satisfied by (y, q) = (v,q) — (vs, gs) is

9y
ot
divy=0 in Q,

+(vs - V)y+(y - V)vs+r(y-V)y—vAy+Vg=xou in Q,

y=0 on X,
y(0)=yo in Q

with kK = 1. The associated linearized system is obtained by setting
rk = 0.
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The stationary Boussinesq system

The stationary Boussinesq system

(VS‘V)VS—I/AVS—FVqs:ICS—i-,gTS, divvie=0 in €,
vs = hs on .

—uAtrs+vs - Vis=gs, in Q T15=ks on T,

with v >0, > 0, and [ is a vector in R3. We assume that a
variational solution (vs, gs,7s) € (HY(R2))® x L2(Q) x HY(R) exists.
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The nonlinear Boussinesq system

We consider the control Boussinesq system

0 -
87\;+(V'V)V—VAV+V(]:f—s+BT+X(’)Uy, in Q@ =Q x (0,00),

divi=0 inQ, v=hs onX=T x(0,00),
viO)=w=vs+y on 9

or )
E—MATJFV'VT:gerXoUe’ in Q,

T=ks on T,
T7(0)=7m=7s+6p on K.
In the above system u, € L2(0,00; (L3(R2))3) and

ug € L2(0,00; L2(R)) are the control variables. We set u = (Zy>
b
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The linearized Boussinesq system

The nonlinear system satisfied by (y, p,0) = (v, q,7) — (s, s, Ts)

is

Oy -
E+(y-V)vs+(vs-V)y—l—ﬂ(y‘V)y—VAy—i-Vp:ﬁQ—i—Xouy,
divy=0inQ, y=0onX, y(0)=y inQQ,

00

a—,uAé’—i—y'VTs+VS-VH—Hiy-VG:Xou@, in Q,

=0 on X, 6(0)=6 on £,

with ¥ = 1. The Boussinesq system linearized around (vs, 7s)
corresponds to k = 0.
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Approximation by the pseudo-compressible model

e Pseudo-compressible approximation

0 :
o VAt (e V)ve +(vs - V)ye + Ve = xou in Q,
divy. +ep.=0in Q, y-=0 onX, y(0)=y inQ.

V6

S is an approximation of vs.

e The equation for y. can be solved first
e E I .. :
— —VvAY.+ (ye - V)Vi + (v - V)ye — nglvyE =xou in Q.

e Find v in feedback form u = Ky (u. = K.y.) able to stabilize the
incomp. model (resp. pseudo-compressible model).

e Study convergence results K. — K, y. — y.

e Prove that the feedback K, P also stabilizes the original system.
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Error estimates for the pseudo-compressible approximation

—vAv+Vp=f inQ,
divv=0inQ, v=0onT.
e The pseudo-compressible Stokes system
—vAv. +Vp. =f in Q,
divv. +ep-=0inQ2, v.=0 onT.

e Temam (1977), Bercovier (1978) - Approximation error for
Stokes

v = vell(ryys + lp = Pelliz@) < Cellfll(n-1a))3-

e Temam (1977), Hebecker (1982), Shen (1995)
v — Vell 2 (@))neee (2()) + 11V Vel oo (22(2))

< CeV2(Ifllz i@y + Ivollezy)-

11/40



Known results in control

12/40

e Chrysafinos (2004) - LQR problem for Stokes, with a distributed
control, with a finite time horizon.

e Badra, Buchot, Thevenet (2011) LQR problem for Oseen, with a
boundary control, with a finite time horizon.

e Le Balc'h, Tucsnak (2021) LQR problem for Boussinesq, with a
distributed control, with an infinite time horizon. Feedback
stabilization + Null controllability.

Boussinesq: z' = Az + Bu, z(0) =z € Z = V9(Q) x L3(Q),
p-c Boussinesq: z. = A.z. + B.u, z(0) € Z. = (L*(Q))*,
Riccati based feedbacks: (A, B, 1), [y (u(OF + lz(t)||F)dt
U= (L%(0,00; L2(Q)))*, H= (LZ(Q)) .



Results proved by Kevin Le Balc'h and Marius Tucsnak

e Uniform (in €) global Carleman inequality (for p-c Boussinesq):
By combining a global Carleman inequality for the p-c Oseen
system, with v € (W1>°(Q))3 (Badra-2011), and a global
Carleman inequality for the heat equation with 75 € W1>°(Q).

e Null controllability result for the p-c Boussinesq system, with
control cost unif. in ¢ € (0,&p).

e Unif. exp. feed. stab. Convergence of Riccati-based feedbacks:
For all zg = (y0,00) € Z = V2(Q) x L%(Q),

lim [|(M. — M)zo|[n = 0,

e—0

Jim sup 450z — 4 )y = 0,
tel0,

lim sup |[|uopt,e(t) — topt(t)llu =0,
e—0 te[0,T]

for all T > 0.
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Part Il - The control Oseen system

The control Oseen system
9y
ot
divy=0 in Q y=0 on X, y(0)=y in Q.

+(vs - V)y+(y - Vvs —vAy +Vg=xou in Q,

The Leray projector P € L(H, Z), H= (L3(Q))3, Z = V2(Q).
VO(Q)={y € L2(Q;R3) |divy =0, y-n=0onT}
The Oseen operator (A, D(A)), and the control op. B

Ay = P(v Ay — (vs - V)y — (v - V)vs),
D(A) = V)(Q) N (Hg(Q) N H*(Q))?}, B = Pxo.

The control Oseen system
! J—
y'=Ay+Bu, y(0)=yo.
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The control Oseen system

The stationary solution (vs, gs) belongs to (H*(2))3 x L2(Q).
For all ws satisfying the H-bound

[wsll () < Nvsll(rra)ys + 1,
we set
Aw,z = P(vAz — (z-V)ws — (ws - V)z), D(Au,) =D(A),
and

aws(z,o:/ﬂ(uw:V<+(ws-V)z-<+(z-V)ws-o dx,

for all z € (HY(Q))3 ¢ € (HY(Q))>.
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Uniform analyticity

We can choose wg > 0 such that
2 Vo2
WOHZ||(L2(Q))3 + aw.(z,2) 2 §HZ||(H1(Q))37

for all z € (HY(Q2))3 and all ws satisfying the H'-bound.

For all ws satisfying the Hl-bound, the operator (A,., D(Ax.)) is
the infinitesimal generator of an analytic semigroup on Z = V9(Q).
There exists a sector {wo} + Sy /245, with § €]0,7/2[, such that

{wo} + Sﬂ/2+5 C p(Awe),
A = Aw.) g2y < P\_ijO' for all A € {wo} + Sr/24455

for all w; satisfying the H'-bound.
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The pseudo-compressible control Oseen system

We assume that [[vs — vs|[(1q)s < Gse, Ve € (0,1).
We set eg = 1/Cs. The pseudo-compressible Oseen operator A is

D(A:) = (H*(Q) N H(Q))?,
Acv =vAv — (v-V)vi — (v - V)v + 1V(divv).
The pseudo-compressible system can be rewritten in the form

vi=Aye + Bou, y(0)=yo, with B. = xo.

For all € € (0,20), the operator (A, D(A:)) is the infinitesimal
generator of an analytic semigroup on (L2(£2))3. We have

{wo} + Sr/216 C p(Ac),
IO = A) Hle(zy < gy forall A€ {wo} +Srja1s,

for all € € (0, ¢p).
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Stabilizability of the pair (A, B) in Z
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e Boussinesq: The stationary solution (vs, gs, 7s) satisfies
ve € (HH(Q)NL®(Q)® and 75 € HY(Q) N L®(Q).

Under that assumption, the pair (A, B) is stabilizable in
Z = V9(Q) x L%(). That follows from the unique continuation
result

(6,€) € D(A*), AT, A" (‘g’) — ) <?> ,

with ¢ =0 and £=0, inQO,
obeys ¢=0 and £=0, inQ.

e For Oseen. Local Carleman estimate for Oseen,
Badra-Takahashi, 2014.

e For Boussinesq. Rewriting the adjoint system + combined with
local Carleman estimates, 2021.



Stabilizability of the pair (A, B:)
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From the exponential stability of (et(A+wK’+BK))t>O, with wx >0
and K € £(Z, U), we deduce that of (A, B.), provided that:

e Analytic estimate for (A, D(A)) and uniform analytic estimate for
(A, D(A:))

e Convergence rate of A towards A (with A\g > wp)

(Aol —A) 1 P—(Xol—A) Pl pqmy < Ce°, Ve €(0,20), s> 0.

e Uniform bounds for P. € L(H) and B. € L(U, Z.).

e Convergence rate of B, towards B

(Aol =A) " B—(Xol—A) "Bl cumy < Ce" Ve € (0,5), 0<r<s.

€0 can be chosen such that (et(AEJ“‘”KaE““BfK))DO
stable, uniformly with respect to ¢ € (0, ), with wk = wk — pe’.

is exponentially



The pseudo-compressible control Oseen system

e The following bounds hold, uniformly in € € (0, 9):
Izl () + Lldiv 2] gy < Cll(hol — Ac)zll(2()) Yz € D(A:),
(H2(Q))? T IV @llHLY(Q) = 07 = A )PI(L2(Q))* e/t
]| + 2|div ¢ < Cl[(Xol = AZ)4|| V¢ € D(AT)
e The following approximation property holds:
H()\ol — A)_IP — ()\0/ — As)_lHﬁ(([_2(Q))3) < C&, Ve € (0,60).
e The control operators B and B. satisfy
(Aol — A)"1B — (Mol — A) Bl ziz)e) < Ce, Ve €(0,20),

(Mol = A)71B — (Mol — A) 1B = [(Mol — A) L — (Mol — A-)Hxo-
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Convergence rate of A towards A.

e v = (ol — A)"L1Pf is solution of

AoV —vAv+(v-V)vs+ (vs- V)v+Vg="f inQ,
divv=0inQ, v=0onT.

o v¢ = (Aol — Aye) "1 Pf is solution of

Xov—vAv+ (v V)V + (V- V)v+Vg=1 inQ,
divv=0inQ, v=0 onT.

o v. = (Aol — A.)7 1 is solution of

XoVe — VAV: + (Ve - VIVE+ (Vi - V)ve + Vg =f in Q,
divv. +eq-=0inQ, v.=0 onT.
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Convergence rate of A towards A.

The difference z. = v. — v® obeys

Aoze —VvAz: + (z - V)VE+ (Vi - V)z. + Vp. =0 in Q,
divze +ep. =—eqin, z =0 onT.

With the adjoint system

A — VAD, + (Vvse)TCDE — (Ve - V), + Vih — div(vi)d.
=v.—Vv® inQ,

divd,. +eyp.=0inQ, d.=0 onT,

/|v€— v5|2dx:e/ qdx
Q Q

<ellqllz@)ll¥:llz@) < Cellve — vell2q)-

we obtain
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Detectability of (A.,C|z.)
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e We want to construct feedbacks using Riccati equations
associated with (A, B,C|z) and (Ac, B:,C|z.)

e We assume that C € £(H, Y), Y is a Hilbert space, and that
(A,C|z) is detectable in Z = VO(Q).
e We prove that
(A.,Clz. =C) s detectable in Z. = (L%(Q))® = H,

uniformly with respect to ¢ € (0,2q), with the same arguments as
those used to deduce the stabilizatility of (A, B:) from that of
(A, B).



The Riccati equations

We introduce 1
MNeL(Z), N=n0*>0, B*NeL(ZU),
MNA+ A*M — NBB*M + P*C*CP = 0.
The algebraic Riccati equation of the approximate system is
M. e £(Z), N.=N:>0, BIN.eL(Z,U),
MN.A: + AN, —N.B.B!T. + C*C = 0.
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Convergence rate for the feedback gains

There exist wf; > 0 and ¢ € (0,1) such that

sup ”e(AafBel'lg)tHE(Za) < Cefwli‘lt’ vt > 0.
€€(0,e0)

We have
NP —Nellzny < CellIn(e)], Ve € (0, 0),

and
|B*NP — BXMN| z(H,u) < Cellng|, Ve € (0,e0).
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Convergence rates for the closed-loop systems

° y(t) _ e(A+BK)tyO' K= —TI.
|eATBRt| 17y < Cement, Vi > 0.
° yE(t) _ e(A+BK5)tyo, K. = —Tl..

o yo(t) = eAHBRIt Yy Ko = ..

For all € € (0,¢0), we have

(—wn+eellnel)t
e
ly(8) = ye(B)ll1 < € ——————¢lInelllyoll,

lye = yllrooiry < Coet/PlineMPllyolln,  Vp € (1,00),

e = ¥¥llir(o,00iH) < Coe™Pllyolln,  Vp € (1,00).
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Part Il - The Oseen system with a boundary control

a .
67);+(V5'V)Y+(Y'V)V5—VA}/+V(]:0 in Q,
divy=0 in Q, )’(X,t)zz,l-vzclu,'(t)g;(x) on Y,
y(0) =y in €

with the control space U = RMNe.

The Oseen system is a differential system for Py (Py’ = APy + Bu)
coupled with an algebraic equation for (/ — P)y.

Main goal. Determine K = (K1, -+, Kn,) € £(Z, U) such
(et(A+wlI+BK)) o is exponentially stable with w > 0.

Assumption. g; € H3/%(T), [.gi-ndx =0. (A+wyl,B)is
exponentially stabilizable, with w, > w > 0.

27/40



Approximation by the pseudo-compressible model

0 .
Tr VAVt (e V) (V) + Vpe =0 in Q.

divy. +ep. =0in Q,
Yo = Y1 ui(t) g on X,
¥=(0) = yo in Q.
e v = Dg is solution of
AV —vAv+ (v -V)vs+ (vs- V)v+Vg=0 in Q,
divv=0inQ, v=g onl.
e v. = D.g is solution of
AoVe — VAV + (ve - VIVE+ (vE-V)ve + Vg =0 in Q,
divv. +eg-=0inQ2, v.=g onT.
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Difficulty
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The Oseen system is a differential algebraic system of the form
Py'(t) = APy(t) + Bu, B = (Aol —A) XN, u; P Dg;,
(I = P)y(t) = (I = P) Y21k, ui(t) Dg,
while the pseudo-compressible Oseen system is of the form
Y(t) = Acye(t) + Beu,  Bo = (hol — A) N, u; D.g;.
We have good approximation properties for A — A., for D — D,
IDg — Degll(2)y < Cellgllmzrye

but not for P — /, and thus not for B — B..



Possible remedies
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e Change the boundary control operator in the
pseudo-compressible Oseen system

Ye(t) = Acye(t) + Beu,  Be = (—Ae) Z,Nzcl uj Pe Degi,
where P. is an approximation of P.

e Compute a feedback for a ROM based on a spectral projection.



Spectrum of A (and of A;)

The resolvent of A (resp. A.) is compact in Z (resp. Z).

30 ‘ ' ‘ 30
20,’#-.,“ x 1 20,’#-.”’ x o
x ““‘% : ° « “-‘ o
10, T 1 10k
g 0«-::; * ° oo g 0«-::: xwx o000
E * % E *
-10¢ o ; 1 -10¢ <
L o ) . o
20 "L “ : 120t . ’
395 -10 -4.25 0 5 s -10-81 -5 5
Real() Real(A)

Zy, = Djey, GR()\J'), =2,%2Zs, dimZ,=d, < .
Z, and Zs are invariant subspaces of A.

Rec(A|z,) > —wy, and Reo(A|z) < —w.
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Spectral projections in Z

The projector P, € £(Z,Z2,) (and P, € L(H, Z,)) is defined by

1
Py=~— [ (M —A)1Pd),

u — .
2iT My

[, is a union of Jordan curves, around (\})jes, U (A)jes-

We split 2/ = Az + Bu into two systems

AU:A|Zu7 As:A‘Zs’ Bu:PuBa Bs:(/_Pu)B

/ /
z=2z,+2z, 2z,=Auzy+ Byu, z.=Aszs+ Bsu.
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Spectral projections in Z. - Approximation of P,

There exist €9 > 0, such that ', C p(A:), Ve € (0,¢p).

We set

1
P.,= / (M — AL P.d),
' 2im Jr,

Zs,u = Pe,uzs and Zs,s = (/ - 'Dz-:,u)Zsa
As,u = As Zeus As,s = As Ze s
Be,u = P&U B: Bs,s = (/ — Pe,u) B..

We split z/ = A.z. + B.u into two systems
& Y

r r
Ze = Zey + Ze s, Zew = Aa,uze,u + Ba,uU7 Zes = Aa,sza,s + Ba,su~

We choose £y > 0, and 3C > 0 such that, for all £ € (0, &9):
||P, — P&,,HL(H) < Ce and dim(Z,)=dim(Z ,).
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Estimates in Z, and Z.,

o Byu= Y1 ui(\l —A)P,Dgi,

o Boyu=3"N ui(Mo! — A)P..D- gi.

H(AOI—‘AU)_IPU“(AO/_'AEM)_IFEMH£Uﬂ < Ce,
H(AO/ - AU)leu - ()‘0/ - Ae,U)ilBa,UHE(U,H) < Ce,

1By — Beullz(u,my < Ce, Ve € (0, €o).

Uniform bound for B, , € L(U, H)

sup || Bz ullg(u,my < +o0.
€€(0,e0)
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Uniform stabilizability of (A., + w,P- 4, B-4)

Assumption: Stabilizability and detectability conditions.

(Ay 4+ wyPy, By) s stabilizable in Z,,.
Either (A, + wy Py, C|z,) is detectable or C = 0.

We choose g¢ > 0 such that
Reo(Acu) > —wy and Reo(Acs) < —w, Ve € (0,¢ep).
(Acu + wyPe u, B:y) is unif. stabilizable
(Acu +wuPeu, €

z.,) is unif. detectable.
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The Riccati equation in Z,

N, e L£(Z,,2y), N,=MN>0, C,=Clz,,
Nu(Ay + wuPy) + (A +wy PN, — Ny B,BEN, + CiCy = 0,
Ay +w,P, — ByB;M, is exponentially stable in Z,.

If K, = —B:M,, then

||et(A+BKu)H£(H) < Cetv.
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The Riccati equation in Z. , and convergence rates

nz—:,u S E(Zz-:,ua Z;:u)7 I_Iz-:,u = P;m Ce,u =C Ze oy
Me,u(Ae,y + wuPeu) + (A:,u + WuP:,u)ns,u — Neyy BewBZ yMNeu
+C;uca,u =0,

Acu+wuPey— B yBZX M., s exponentially stable in Z; ,,.

e,u

The solutions I, and . ,, and the feedbacks
Ky =—-B;N,P, and K., = —BZ Tc 4 P: 4 obey
[MuPy — ns,uPS,UHL(H) < Cg,
and

Ky — Keullonuy < Ce, Ve € (0, e0).
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Convergence rates for the closed-loop systems

e Py(t) = e(AJrBK)tYOV K = —B;, P,, u is the control.

(I = P)y(t) = 0% Kiy(£)(/ — P)Dg:.

o Pys(t) = eA+BKIty, K. = —BZ M. Py, UF is the control.
(I = P)y*(t) = S0, Keiv*(£)(I = P)Dag.
o y.(t) = e(AtBK)tyy K = —BZ Ne yPc . ue is the control.

For all € € (0,9), we have

(—w+oe)t
e
lus(t) = u(t)llu < € ————¢<l¥olln

HUE - uHLP(O,oo;U) < CP 8l/p”}/OHHv Vp e (1700)’
lus = vl ro00;0) < Coe™Pllyollt, Vb € (1, 00),

where w > 0 is the a priori prescribed decay rate.
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Convergence rates for the closed-loop systems

e Convergence rates for the projections of the solutions of
closed-loop systems

(—wtoe)t
e
IPeye() = Puy(Dllm < € S—— el

HP&UYE - 'DuyHLP(O,oo;H) < CP gl/pHyOHHv Vp e (].,OO),

H'Da,u)’a - Puy€||LP(0,oo:H) < C’P gl/pHyOHHv Vp € (17 OO)

e We could obtain convergence rates between y. and y, on
compact time intervals [0, T], if we took a dynamic controller and
if yo € V9(Q) N (H3())°.
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HAPPY BIRTHDAY MARIUS
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