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Marius...
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Marius...

• I met Marius for the first time in 1997.

• Next, I met Marius in conferences, seminars, projects ... (with of
without J.-P. ?) in
- Nancy, Paris, Pont à Mousson, Bordeaux, ...Point à Pitre ...
- Shangai, Vancouver, Zurich, San Diego, somewhere in Portugal,
in Marocco, Roma (?), Cortona (?), Bangalore, Tunis, Oberwolfach
- Vorau, Graz, Linz, Craiova ...

• I learned a lot from discussions with Marius, from his papers...
- Fine results in Control Theory
- Fluid-structure-interaction problems
- Riccati equations. Mistakes by some colleagues...

• K. Le Balc’h, M. Tucsnak, A penalty approach to the infinite
horizon LQR optimal control problem for the linearized Boussinesq
system. ESAIM Control Optim. Calc. Var. 27 (2021).
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Outline of the talk

Part I

• Approximation of the Oseen and Boussinesq systems by the
pseudo-compressible method (also called the penalty method -
Temam 66)

• Brief review on the pseudo-compressibility method. Known
results in approximation and control

Part II

• Distributed stabilization of the Oseen and Boussinesq systems
using their pseudo-compressible approximation

Part III

• Boundary stabilization of the Oseen and Boussinesq systems
using their pseudo-compressible approximation
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Part I - The Navier-Stokes equations

• Ω is either a bounded domain in R3 either of class C 2, or a
bounded polyhedral convex domain.

• (vs , qs) ∈ (H1(Ω))3× L2
0(Ω) is a stationary solution of the N.S.E:

(vs · ∇)vs − ν ∆vs +∇qs = fs , div vs = 0 in Ω,

vs = gs on Γ = ∂Ω.

• The control Navier-Stokes system

∂v

∂t
+ (v · ∇)v − ν ∆v +∇q = fs + χO u, in Q = Ω× (0,∞),

div u = 0 in Q, u = gs on Σ = Γ× (0,∞),

u(0) = u0 = vs + y0 in Ω,

y0 is a perturbation in the I.C.
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The Oseen system

The nonlinear system satisfied by (y , q) = (v , q)− (vs , qs) is

∂y

∂t
+ (vs · ∇)y + (y · ∇)vs + κ(y · ∇)y − ν ∆y +∇q = χO u in Q,

div y = 0 in Q,

y = 0 on Σ,

y(0) = y0 in Ω,

with κ = 1. The associated linearized system is obtained by setting
κ = 0.
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The stationary Boussinesq system

The stationary Boussinesq system

(vs · ∇)vs − ν∆vs +∇qs = fs + ~β τs , div vs = 0 in Ω,

vs = hs on Γ.

−µ∆τs + vs · ∇τs = gs , in Ω, τs = ks on Γ,

with ν > 0, µ > 0, and ~β is a vector in R3. We assume that a
variational solution (vs , qs , τs) ∈ (H1(Ω))3 × L2(Ω)×H1(Ω) exists.
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The nonlinear Boussinesq system

We consider the control Boussinesq system

∂v

∂t
+ (v · ∇)v − ν∆v +∇q = fs + ~β τ + χO uy , in Q = Ω× (0,∞),

div v = 0 in Q, v = hs on Σ = Γ× (0,∞),

v(0) = v0 = vs + y0 on Ω,

∂τ

∂t
− µ∆τ + v · ∇τ = gs + χO uθ, in Q,

τ = ks on Γ,

τ(0) = τ0 = τs + θ0 on Ω.

In the above system uy ∈ L2(0,∞; (L2(Ω))3) and

uθ ∈ L2(0,∞; L2(Ω)) are the control variables. We set u =

(
uy
uθ

)
.

8/40



The linearized Boussinesq system

The nonlinear system satisfied by (y , p, θ) = (v , q, τ)− (vs , qs , τs)
is

∂y

∂t
+ (y · ∇)vs + (vs · ∇)y+κ (y · ∇)y − ν∆y +∇p = ~β θ + χO uy ,

div y = 0 in Q, y = 0 on Σ, y(0) = y0 in Ω,

∂θ

∂t
− µ∆θ + y · ∇τs + vs · ∇θ+κ y · ∇θ = χO uθ, in Q,

θ = 0 on Σ, θ(0) = θ0 on Ω,

with κ = 1. The Boussinesq system linearized around (vs , τs)
corresponds to κ = 0.
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Approximation by the pseudo-compressible model

• Pseudo-compressible approximation

∂yε
∂t
− ν∆yε + (yε · ∇)v εs + (v εs · ∇)yε +∇pε = χO u in Q,

div yε + εpε = 0 in Q, yε = 0 on Σ, yε(0) = y0 in Ω.

v εs is an approximation of vs .

• The equation for yε can be solved first

∂yε
∂t
− ν∆yε + (yε · ∇)v εs + (v εs · ∇)yε −

1

ε
∇div yε = χO u in Q.

• Find u in feedback form u = Ky (uε = Kεyε) able to stabilize the
incomp. model (resp. pseudo-compressible model).

• Study convergence results Kε → K , yε → y .

• Prove that the feedback KεP also stabilizes the original system.
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Error estimates for the pseudo-compressible approximation

−ν∆v +∇p = f in Q,

div v = 0 in Ω, v = 0 on Γ.

• The pseudo-compressible Stokes system

−ν∆vε +∇pε = f in Q,

div vε + εpε = 0 in Ω, vε = 0 on Γ.

• Temam (1977), Bercovier (1978) - Approximation error for
Stokes

‖v − vε‖(H1(Ω))3 + ‖p − pε‖L2(Ω) ≤ C ε ‖f ‖(H−1(Ω))3 .

• Temam (1977), Hebecker (1982), Shen (1995)

‖v − vε‖L2(H1(Ω))∩L∞(L2(Ω)) + ‖div vε‖L∞(L2(Ω))

≤ C ε1/2 (‖f ‖L2((H−1(Ω))3) + ‖y0‖(L2(Ω))3).
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Known results in control

• Chrysafinos (2004) - LQR problem for Stokes, with a distributed
control, with a finite time horizon.

• Badra, Buchot, Thevenet (2011) LQR problem for Oseen, with a
boundary control, with a finite time horizon.

• Le Balc’h, Tucsnak (2021) LQR problem for Boussinesq, with a
distributed control, with an infinite time horizon. Feedback
stabilization + Null controllability.

Boussinesq: z ′ = Az + Bu, z(0) = z0 ∈ Z = V 0
n (Ω)× L2(Ω),

p-c Boussinesq: z ′ε = Aεzε + Bεu, z(0) ∈ Zε = (L2(Ω))4,

Riccati based feedbacks: (A,B, I ),
∫∞

0 (‖u(t)‖2
U + ‖z(t)‖2

H)dt,

U = (L2(0,∞; L2(Ω)))4, H = (L2(Ω))4.
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Results proved by Kevin Le Balc’h and Marius Tucsnak

• Uniform (in ε) global Carleman inequality (for p-c Boussinesq):
By combining a global Carleman inequality for the p-c Oseen
system, with vs ∈ (W 1,∞(Ω))3 (Badra-2011), and a global
Carleman inequality for the heat equation with τs ∈W 1,∞(Ω).

• Null controllability result for the p-c Boussinesq system, with
control cost unif. in ε ∈ (0, ε0).

• Unif. exp. feed. stab. Convergence of Riccati-based feedbacks:
For all z0 = (y0, θ0) ∈ Z = V 0

n (Ω)× L2(Ω),

lim
ε→0
‖(Πε − Π)z0‖H = 0,

lim
ε→0

sup
t∈[0,T ]

‖et(Aε−BεΠε)z0 − et(A−BΠ)z0‖H = 0,

lim
ε→0

sup
t∈[0,T ]

‖uopt,ε(t)− uopt(t)‖U = 0,

for all T > 0.
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Part II - The control Oseen system

The control Oseen system

∂y

∂t
+ (vs · ∇)y + (y · ∇)vs − ν ∆y +∇q = χO u in Q,

div y = 0 in Q, y = 0 on Σ, y(0) = y0 in Ω.

The Leray projector P ∈ L(H,Z ), H = (L2(Ω))3, Z = V 0
n (Ω).

V 0
n (Ω) = {y ∈ L2(Ω;R3) | div y = 0, y · n = 0 on Γ}

The Oseen operator (A,D(A)), and the control op. B

Ay = P(ν ∆y − (vs · ∇)y − (y · ∇)vs),

D(A) = V 0
n (Ω) ∩ (H1

0 (Ω) ∩ H2(Ω))3, B = PχO.

The control Oseen system

y ′ = Ay + Bu, y(0) = y0.
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The control Oseen system

The stationary solution (vs , qs) belongs to (H1(Ω))3 × L2(Ω).
For all ws satisfying the H1-bound

‖ws‖(H1(Ω))3 ≤ ‖vs‖(H1(Ω))3 + 1,

we set

Aws z = P(ν∆z − (z · ∇)ws − (ws · ∇)z), D(Aws ) = D(A),

and

aws (z , ζ) =

∫
Ω

(ν∇z : ∇ζ + (ws · ∇)z · ζ + (z · ∇)ws · ζ) dx ,

for all z ∈ (H1(Ω))3, ζ ∈ (H1(Ω))3.
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Uniform analyticity

We can choose ω0 > 0 such that

ω0‖z‖2
(L2(Ω))3 + aws (z , z) ≥ ν

2
‖z‖2

(H1(Ω))3 ,

for all z ∈ (H1(Ω))3 and all ws satisfying the H1-bound.
————————————————————————————
For all ws satisfying the H1-bound, the operator (Aws ,D(Aws )) is
the infinitesimal generator of an analytic semigroup on Z = V 0

n (Ω).
There exists a sector {ω0}+ Sπ/2+δ, with δ ∈]0, π/2[, such that

{ω0}+ Sπ/2+δ ⊂ ρ(Aws ),

‖(λI − Aws )
−1‖L(Z) ≤ C

|λ−ω0| for all λ ∈ {ω0}+ Sπ/2+δ,

for all ws satisfying the H1-bound.
————————————————————————————
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The pseudo-compressible control Oseen system

We assume that ‖v εs − vs‖(H1(Ω))3 ≤ Cs ε, ∀ε ∈ (0, 1).
We set ε0 = 1/Cs . The pseudo-compressible Oseen operator Aε is

D(Aε) = (H2(Ω) ∩ H1
0 (Ω))3,

Aεv = ν∆v − (v · ∇)v εs − (v εs · ∇)v + 1
ε∇(div v).

The pseudo-compressible system can be rewritten in the form

y ′ε = Aεyε + Bεu, yε(0) = y0, with Bε = χO.

————————————————————————————
For all ε ∈ (0, ε0), the operator (Aε,D(Aε)) is the infinitesimal
generator of an analytic semigroup on (L2(Ω))3. We have

{ω0}+ Sπ/2+δ ⊂ ρ(Aε),

‖(λI − Aε)
−1‖L(Zε) ≤ C

|λ−ω0| for all λ ∈ {ω0}+ Sπ/2+δ,

for all ε ∈ (0, ε0).
————————————————————————————
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Stabilizability of the pair (A,B) in Z

• Boussinesq: The stationary solution (vs , qs , τs) satisfies

vs ∈ (H1(Ω) ∩ L∞(Ω))3 and τs ∈ H1(Ω) ∩ L∞(Ω).

Under that assumption, the pair (A,B) is stabilizable in
Z = V 0

n (Ω)× L2(Ω). That follows from the unique continuation
result

(φ, ξ) ∈ D(A∗), λ ∈ C, A∗
(
φ
ξ

)
= λ

(
φ
ξ

)
,

with φ = 0 and ξ = 0, in O,

obeys φ = 0 and ξ = 0, in Ω.

• For Oseen. Local Carleman estimate for Oseen,
Badra-Takahashi, 2014.

• For Boussinesq. Rewriting the adjoint system + combined with
local Carleman estimates, 2021.
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Stabilizability of the pair (Aε,Bε)

From the exponential stability of
(
et(A+ωK I+BK)

)
t≥0

, with ωK > 0

and K ∈ L(Z ,U), we deduce that of (Aε,Bε), provided that:

• Analytic estimate for (A,D(A)) and uniform analytic estimate for
(Aε,D(Aε))

• Convergence rate of Aε towards A (with λ0 > ω0)

‖(λ0I−A)−1P−(λ0I−Aε)−1Pε‖L(H) ≤ Cεs , ∀ε ∈ (0, ε0), s > 0.

• Uniform bounds for Pε ∈ L(H) and Bε ∈ L(U,Zε).

• Convergence rate of Bε towards B

‖(λ0I−A)−1B−(λ0I−Aε)−1Bε‖L(U,H) ≤ Cεr ∀ε ∈ (0, ε0), 0 < r ≤ s.

ε0 can be chosen such that
(
et(Aε+ωK ,εI+BεK)

)
t≥0

is exponentially

stable, uniformly with respect to ε ∈ (0, ε0), with ωK ,ε = ωK − ρεr .
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The pseudo-compressible control Oseen system

• The following bounds hold, uniformly in ε ∈ (0, ε0):

‖z‖(H2(Ω))3 + 1
ε‖div z‖H1(Ω) ≤ C‖(λ0I − Aε)z‖(L2(Ω))3 , ∀z ∈ D(Aε),

‖φ‖(H2(Ω))3 + 1
ε‖div φ‖H1(Ω) ≤ C‖(λ0I − A∗ε)φ‖(L2(Ω))3 , ∀φ ∈ D(A∗ε).

• The following approximation property holds:

‖(λ0I − A)−1P − (λ0I − Aε)
−1‖L((L2(Ω))3) ≤ Cε, ∀ε ∈ (0, ε0).

• The control operators B and Bε satisfy

‖(λ0I − A)−1B − (λ0I − Aε)
−1Bε‖L((L2(Ω))3) ≤ Cε, ∀ε ∈ (0, ε0),

(λ0I − A)−1B − (λ0I − Aε)
−1Bε = [(λ0I − A)−1 − (λ0I − Aε)

−1]χO.
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Convergence rate of A towards Aε

• v = (λ0I − A)−1Pf is solution of

λ0v − ν∆v + (v · ∇)vs + (vs · ∇)v +∇q = f in Ω,

div v = 0 in Ω, v = 0 on Γ.

• v ε = (λ0I − Avε
s

)−1Pf is solution of

λ0v − ν∆v + (v · ∇)v εs + (v εs · ∇)v +∇q = f in Ω,

div v = 0 in Ω, v = 0 on Γ.

• vε = (λ0I − Aε)
−1 is solution of

λ0vε − ν∆vε + (vε · ∇)v εs + (v εs · ∇)vε +∇qε = f in Ω,

div vε + εqε = 0 in Ω, vε = 0 on Γ.
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Convergence rate of A towards Aε

The difference zε = vε − v ε obeys

λ0zε − ν∆zε + (zε · ∇)v εs + (v εs · ∇)zε +∇pε = 0 in Ω,

div zε + εpε = −εq in Ω, zε = 0 on Γ.

With the adjoint system

λ0Φε − ν∆Φε + (∇v εs )TΦε − (v εs · ∇)Φε +∇ψε − div(v εs )Φε

= vε − v ε in Ω,

divΦε + εψε = 0 in Ω, Φε = 0 on Γ,

we obtain ∫
Ω
|vε − v ε|2dx = ε

∫
Ω
qψεdx

≤ ε‖q‖L2(Ω)‖ψε‖L2(Ω) ≤ C ε‖vε − v ε‖L2(Ω).
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Detectability of (Aε, C|Zε
)

• We want to construct feedbacks using Riccati equations
associated with (A,B, C|Z ) and (Aε,Bε, C|Zε )

• We assume that C ∈ L(H,Y ), Y is a Hilbert space, and that

(A, C|Z ) is detectable in Z = V 0
n (Ω).

• We prove that

(Aε, C|Zε = C) is detectable in Zε = (L2(Ω))3 = H,

uniformly with respect to ε ∈ (0, ε0), with the same arguments as
those used to deduce the stabilizatility of (Aε,Bε) from that of
(A,B).
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The Riccati equations

We introduce Π

Π ∈ L(Z ), Π = Π∗ ≥ 0, B∗Π ∈ L(Z ,U),

ΠA + A∗Π− ΠBB∗Π + P∗C∗CP = 0.

The algebraic Riccati equation of the approximate system is

Πε ∈ L(Zε), Πε = Π∗ε ≥ 0, B∗εΠε ∈ L(Zε,U),

ΠεAε + A∗εΠε − ΠεBεB
∗
εΠε + C∗C = 0.
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Convergence rate for the feedback gains

There exist ω∗Π > 0 and ε0 ∈ (0, 1) such that

sup
ε∈(0,ε0)

‖e(Aε−BεΠε)t‖L(Zε) ≤ Ce−ω
∗
Πt , ∀t ≥ 0.

We have

‖ΠP − Πε‖L(H) ≤ Cε | ln(ε)|, ∀ε ∈ (0, ε0),

and
‖B∗ΠP − B∗εΠε‖L(H,U) ≤ Cε| ln ε|, ∀ε ∈ (0, ε0).
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Convergence rates for the closed-loop systems

• y(t) = e(A+BK)ty0, K = −Π.

‖e(A+BK)t‖L(Z) ≤ Ce−ωΠt , ∀t ≥ 0.

• y ε(t) = e(A+BKε)ty0, Kε = −Πε.

• yε(t) = e(Aε+BεKε)ty0, Kε = −Πε.

For all ε ∈ (0, ε0), we have

‖y(t)− yε(t)‖H ≤ C
e(−ωΠ+%ε| ln ε|)t

t
ε| ln ε|‖y0‖H ,

‖yε − y‖Lp(0,∞;H) ≤ Cp ε
1/p| ln ε|1/p‖y0‖H , ∀p ∈ (1,∞),

‖yε − y ε‖Lp(0,∞;H) ≤ Cp ε
1/p‖y0‖H , ∀p ∈ (1,∞).
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Part III - The Oseen system with a boundary control

∂y

∂t
+ (vs · ∇)y + (y · ∇)vs − ν ∆y +∇q = 0 in Q,

div y = 0 in Q, y(x , t) =
∑Nc

i=1 ui (t) gi (x) on Σ,

y(0) = y0 in Ω,

with the control space U = RNc .

The Oseen system is a differential system for Py (Py ′ = APy +Bu)
coupled with an algebraic equation for (I − P)y .

Main goal. Determine K = (K1, · · · ,KNc ) ∈ L(Z ,U) such
(et(A+ωI+BK))t≥0 is exponentially stable with ω > 0.

Assumption. gi ∈ H3/2(Γ),
∫

Γ gi · n dx = 0. (A + ωuI ,B) is
exponentially stabilizable, with ωu > ω > 0.
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Approximation by the pseudo-compressible model

∂yε
∂t
− ν∆yε + (yε · ∇)v εs + (v εs · ∇)yε +∇pε = 0 in Q,

div yε + εpε = 0 in Q,

yε =
∑Nc

i=1 ui (t) gi on Σ,

yε(0) = y0 in Ω.

• v = Dg is solution of

λ0v − ν∆v + (v · ∇)vs + (vs · ∇)v +∇q = 0 in Ω,

div v = 0 in Ω, v = g on Γ.

• vε = Dεg is solution of

λ0vε − ν∆vε + (vε · ∇)v εs + (v εs · ∇)vε +∇qε = 0 in Ω,

div vε + εqε = 0 in Ω, vε = g on Γ.
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Difficulty

The Oseen system is a differential algebraic system of the form

Py ′(t) = APy(t) + Bu, B = (λ0I − A)
∑Nc

i=1 ui P Dgi ,

(I − P)y(t) = (I − P)
∑Nc

i=1 ui (t)Dgi ,

while the pseudo-compressible Oseen system is of the form

y ′ε(t) = Aεyε(t) + Bεu, Bε = (λ0I − Aε)
∑Nc

i=1 ui Dεgi .

We have good approximation properties for A− Aε, for D − Dε

‖Dg − Dεg‖(L2(Ω))3 ≤ C ε ‖g‖(H1/2(Γ))3

but not for P − I , and thus not for B − Bε.
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Possible remedies

• Change the boundary control operator in the
pseudo-compressible Oseen system

y ′ε(t) = Aεyε(t) + Bεu, Bε = (−Aε)
∑Nc

i=1 ui PεDεgi ,

where Pε is an approximation of P.

• Compute a feedback for a ROM based on a spectral projection.
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Spectrum of A (and of Aε)

The resolvent of A (resp. Aε) is compact in Z (resp. Zε).
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Zu = ⊕j∈JuGR(λj), Z = Zu ⊕ Zs , dimZu = du <∞.

Zu and Zs are invariant subspaces of A.

Reσ(A|Zu ) > −ωu and Reσ(A|Zs ) < −ω.
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Spectral projections in Z

The projector Pu ∈ L(Z ,Zu) (and Pu ∈ L(H,Zu)) is defined by

Pu =
1

2iπ

∫
Γu

(λI − A)−1 P dλ,

Γu is a union of Jordan curves, around (λj)j∈Ju ∪ (λj)j∈Ju .

We split z ′ = Az + Bu into two systems

Au = A|Zu , As = A|Zs , Bu = Pu B, Bs = (I − Pu)B.

z = zu + zs , z ′u = Auzu + Buu, z ′s = Aszs + Bsu.
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Spectral projections in Zε - Approximation of Pu

————————————————————————————
There exist ε0 > 0, such that Γu ⊂ ρ(Aε), ∀ε ∈ (0, ε0).
————————————————————————————
We set

Pε,u =
1

2iπ

∫
Γu

(λI − Aε)
−1 Pε dλ,

Zε,u = Pε,uZε and Zε,s = (I − Pε,u)Zε,

Aε,u = Aε
∣∣
Zε,u , Aε,s = Aε

∣∣
Zε,s ,

Bε,u = Pε,u Bε Bε,s = (I − Pε,u)Bε.

We split z ′ε = Aεzε + Bεu into two systems

zε = zε,u + zε,s , z ′ε,u = Aε,uzε,u + Bε,uu, z ′ε,s = Aε,szε,s + Bε,su.

————————————————————————————
We choose ε0 > 0, and ∃C > 0 such that, for all ε ∈ (0, ε0):

‖Pu − Pε,u‖L(H) ≤ C ε and dim(Zu) = dim(Zε,u).

————————————————————————————
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Estimates in Zu and Zε,u

• Buu =
∑Nc

i=1 ui (λ0I − A)PuD gi ,

• Bε,uu =
∑Nc

i=1 ui (λ0I − Aε)Pε,uDε gi .
————————————————————————————

‖(λ0I − Au)−1Pu − (λ0I − Aε,u)−1Pε,u‖L(H) ≤ C ε,

‖(λ0I − Au)−1Bu − (λ0I − Aε,u)−1Bε,u‖L(U,H) ≤ C ε,

‖Bu − Bε,u‖L(U,H) ≤ C ε, ∀ε ∈ (0, ε0).

————————————————————————————

Uniform bound for Bε,u ∈ L(U,H)

sup
ε∈(0,ε0)

‖Bε,u‖L(U,H) < +∞.
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Uniform stabilizability of (Aε,u + ωuPε,u,Bε,u)

Assumption: Stabilizability and detectability conditions.

(Au + ωuPu,Bu) is stabilizable in Zu.

Either (Au + ωuPu, C|Zu ) is detectable or C = 0.

————————————————————————————

We choose ε0 > 0 such that

Reσ(Aε,u) > −ωu and Reσ(Aε,s) < −ω, ∀ε ∈ (0, ε0).

(Aε,u + ωuPε,u,Bε,u) is unif. stabilizable

(Aε,u + ωuPε,u, C
∣∣
Zε,u ) is unif. detectable.

————————————————————————————
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The Riccati equation in Zu

Πu ∈ L(Zu,Z
∗
u ), Πu = Π∗u ≥ 0, Cu = C|Zu ,

Πu(Au + ωuPu) + (A∗u + ωuP
∗
u)Πu − Πu BuB

∗
uΠu + C ∗uCu = 0,

Au + ωuPu − BuB
∗
uΠu is exponentially stable in Zu.

————————————————————————————
If Ku = −B∗uΠu, then

‖et(A+BKu)‖L(H) ≤ Ce−t ω.

————————————————————————————
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The Riccati equation in Zε,u and convergence rates

Πε,u ∈ L(Zε,u,Z
∗
ε,u), Πε,u = P∗ε,u, Cε,u = C

∣∣
Zε,u ,

Πε,u(Aε,u + ωuPε,u) + (A∗ε,u + ωuP
∗
ε,u)Πε,u − Πε,u Bε,uB

∗
ε,uΠε,u

+C ∗ε,uCε,u = 0,

Aε,u + ωuPε,u − Bε,uB
∗
ε,uΠε,u is exponentially stable in Zε,u.

————————————————————————————
The solutions Πu and Πε,u, and the feedbacks

Ku = −B∗uΠuPu and Kε,u = −B∗ε,uΠε,uPε,u obey

‖ΠuPu − Πε,uPε,u‖L(H) ≤ C ε,

and

‖Ku − Kε,u‖L(H,U) ≤ C ε, ∀ε ∈ (0, ε0).

————————————————————————————
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Convergence rates for the closed-loop systems

• Py(t) = e(A+BK)ty0, K = −B∗uΠu Pu, u is the control.

(I − P)y(t) =
∑Nc

i=1 Kiy(t)(I − P)Dgi .

• Py ε(t) = e(A+BKε)ty0, Kε = −B∗ε,uΠε,uPε,u, uε is the control.

(I − P)y ε(t) =
∑Nc

i=1 Kε,iy
ε(t)(I − P)Dgi .

• yε(t) = e(Aε+BεKε)ty0, Kε = −B∗ε,uΠε,uPε,u, uε is the control.

For all ε ∈ (0, ε0), we have

‖uε(t)− u(t)‖U ≤ C
e(−ω+%ε)t

t
ε‖y0‖H ,

‖uε − u‖Lp(0,∞;U) ≤ Cp ε
1/p‖y0‖H , ∀p ∈ (1,∞),

‖uε − uε‖Lp(0,∞;U) ≤ Cp ε
1/p‖y0‖H , ∀p ∈ (1,∞),

where ω > 0 is the a priori prescribed decay rate.
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Convergence rates for the closed-loop systems

• Convergence rates for the projections of the solutions of
closed-loop systems

‖Pε,uyε(t)− Puy(t)‖H ≤ C
e(−ω+%ε)t

t
ε‖y0‖H ,

‖Pε,uyε − Puy‖Lp(0,∞;H) ≤ Cp ε
1/p‖y0‖H , ∀p ∈ (1,∞),

‖Pε,uyε − Puy
ε‖Lp(0,∞;H) ≤ Cp ε

1/p‖y0‖H , ∀p ∈ (1,∞).

• We could obtain convergence rates between yε and y , on
compact time intervals [0,T ], if we took a dynamic controller and
if y0 ∈ V 0

n (Ω) ∩ (H1
0 (Ω))3.
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