CONTROLLABILITY OF A BILINEAR SCHRODINGER EQUATION BY A POWER SERIES EXPANSION
Mégane Bournissou
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Sussman’s example
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T3 = x5+ 3.
The system (1) is controllable on Span((1, 0, 0), (0, 1,0)).
Denote by w; the ¢-th primitive of u vanishing at zero.
What about the third component
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Definition: E-STLC of (1)

(1) is E-STLC if for all T > 0 and € > 0, there exists
6 > 0 such that for all data |xy| + |x¢| < 6, there
exists u € Ep with ||u| p. < & such that

Theorem

(T u, xp) = zy.

Schrodinger equation

{i@tw(t,x)z—@%w(taﬂf)—U(t)ﬂ(x)w(tﬂ?)» (t,2) € (0,7) x (0.1), (g !

b(t,0) = h(t, 1) =0, c (0, 7).

This 1s a bilinear control system where the state is 1) and u denotes a scalar control.

Definition: STLC around the ground state in X with controls in E

(Schro) is STLC if for all T" > 0 and € > 0, there exists ¢ > 0 such that for all
(o, %¢) in X with |[1hg — @1]|x < 0 and ||[¢; — e ||x < &, there exists
we L*0,T)N Er with ||u||z, < e such that

To study the STLC of (Schro), perform a power series expansion,
¢(t) ~ @16_7:)\175 + Lin + Quad +Cub+---

The first-order term W

{ 10;V(t, x) = =020 (t, z) — u(t)u(z)pi(z)e™M,
U(L,0) = Wt 1) = 0

The solution can be computed explicitly as
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Proposition: Controllability of the linearized equation (Lin)

Let (p, k) € N? and J asubset of N*. If yis in H*PT%+3((0, 1), R) with p2"+)(0) =

(1) =0foralln =0,...,p — 1 such that there exists ¢ > 0 such that
. C
\V/] S ‘]7 ‘<lu9017 QOJH > j2p+37 (2)

2(p+k)+3

then (Lin) is controllable in projection in H (0,1) with controls in

HY(0,T) with the same control map.

STLC in projection

Theorem: STLC in projection of (Schro)

Let p in H?PHR)+3((0, 1), R) with "+ (0) = (1) = 0foralln = 0,...,p—1
and satisfying (2). Then, (Schro) is STLC in projection around the ground
state in H<20<§9+m>+3(0, 1) with controls in H"(0,T) for every m € {0,...,k} with
the same control map.
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No W1 _STLC

The system (1) is not WH*°-STLC: there exists
A, T* > 0s.t. forall T € (0,T%), there exists € > (
s. t. for all uw € Wh>(0,T) with |Jul|y =01 <€,

T
x3(T; u, 0) > A/ us(t)*dt > 0.
0

By integrations by parts, when ||u'|| (1) is small,

/O : uy(t)dt = /O : up(t) ' (t)dt = o ( /O ) ug(t)th) .

S0, if ||u'|| Lo, is small enough,

T
zs3(T; u, 0) > (1 — Hu/||Loo(07T))/ us(t)dt > 0.
0
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L>°-STLC

Regular controls
s quadratic wins!

Theorem (Sussman, 1983)
The system (1) is L>*°-STLC.

The cubic term wins for controls of the form:
{
U)\<t) = \/X¢” ()\) , A> 0.

Size of the controls:

1
HU’)\HLOO(O,T) ~ \/X < 1,

~N— > 1.

HU/)\HLOO(O,T) 7

Then, the third component of (1) is given by

”/¢ 3d<9+)\6/gb 0)°do.

\a\n and fo ¢' (0
r3(T; 1y, 0) =a+ O(a).

ZCg(T, U)\,
Taking \ = 0)°df = sign(a Less
controls
> cubic wing|

regular

The second-order term ¢

{ 108 (t, ) = —0;8(t, ) — u(t)u(x)V(t, =),
£(£,0) = £(t,1) = 0

One can compute

(E(T; u, 0), pge T = / (1) / u(r Vbt T)drdt.

Proposition

If hy is in C*"(R*, C), then for all u € L'(0,T),
T t n T
/ u(t) / u(T)he(t, 7)drdt = =iy Al / ()26 D) gy (1,
0 0 - 0

U —
(Quad; QO[() IS COeTCiVe?

Proposition: Coercivity of the quadratic term

If A}( = ... = A?’(_l = (0 and A% # 0, then there exists T > 0 such that for all T" € (0,7™),

— sign(AR)SE(T), pre™™M) A / w,(t)°dt + (...).

Quadratic obstructions

Proposition: estimate of the cubic remainder

There exists C' > 0 such that for all w € H*"3(0,T),
(6 — 1 = ¥ = )(T), pxe™T) < Cllurl[f < € (I[u 2+ T2l 12 [

For regylar controls, Cyh —

= O(Quad)

Theorem: No STLC for regular controls because of drifts

Let (K,n) € N*°. Assume that p satisfies Hyp(K,n). If n > 2 (resp. n = 1), then (Schro)
is not H*" 5-STLC (resp. not W '*-STLC): there exists C, A,T* > 0 such that for all

T € (0,T%), there exists € > 0 such that for all v € H*" 70,7 (resp. u € L*(0,7)) with
|| grn-30.1) < € (resp. ||| p=(0.r) < €), then the solution satisfies

—sign(AR)S(W(T; u, ¢1), pxe" M) < Allunll3o0.m) — CllW — 90) (D)l 22000

v

Positive STLC result despite a drift!

Theorem
In the setting of the third drift,

e (Schro) is not H-STLC because of a drift quantified by the H > norm of the control.
e But (Schro) is H*-STLC thanks to the cubic term despite a quadratic drift.
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